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PART I.
Introduction and Preliminaries
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Scope and Motivations

• System Identification (SI) aims at building “efficient” mathematical models

of dynamical systems from experimental data

• These models are widely used for prediction and control purposes

• Classical problems: parametrized and nonparametrized estimation,

experiment design, model reduction, model validation, etc.

• Our scope: selecting “certified” model(s) from a parameterized class

• Standard methods (LS, IV, PEM, etc.) typically provide point estimates

• Strict safety, stability, or quality requirements? ⇒ confidence regions

• In practice, our samples are always finite ⇒ non-asymptotic methods

• Wide and off-the-shelf applicability ⇒ distribution-free approaches
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Parameter Estimation

• We observe a (discrete-time) dynamical system, i.e., stochastic process

Yt , ft(θ
∗,Yt−1,Ut−1,Nt−1),

where Yt — output, Ut — input, Nt — noise at t, θ∗ — true parameter

Yt−1 , (Yt−1, Yt−2, . . . ),

Ut−1 , (Ut−1, Ut−2, . . . ),

Nt−1 , (Nt−1, Nt−2, . . . ),

• Data: we are given a realization Dn = (yn, yn−1, . . . , un, un−1, . . . )

• Point estimate: find a parameter value θ̂n with θ̂n = argminθ ε(θ,Dn)

• Confidence region: find a set Θp
n with P(θ∗ ∈ Θp

n) ≥ p, given p ∈ [0, 1]
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Parameter Estimation

• The cost or loss is typically measured by the prediction error,

ε̂(θ,Dn) ,
∑

t
ε̂t(θ,Dt) =

∑
t
wt d(yt, ft(θ,Dt)),

where wt — weight, d(·, ·) — metric ⇒ often ∥yt − ft(θ,Dt)∥22

• θ̂PEM , argminθ ε̂(θ,Dn) is called the prediction error estimate (PEM)

• Our goal: to construct exact, finite sample, quasi distribution-free

confidence regions around the PEM estimate, i.e., build a set Θp
n such that

P(θ̂PEM ∈ Θp
n) = 1 and P(θ∗ ∈ Θp

n) = p,

where the confidence probability p ∈ [0, 1] is user-chosen

• In this talk, we focus on linear time-invariant (LTI) systems
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Sign-Perturbed Sums: Outline

• Sign-Perturbed Sums (SPS): a new finite sample identification algorithm

• It is based on re-randomization of the normal equations

• It builds non-asymptotic confidence regions for dynamical systems

• Under mild assumptions on the noise, e.g., symmetry about zero

• The inclusion of the prediction error (PEM) estimate is always guaranteed

• The true parameters are included with a user-chosen probability

• The confidence probability is exact even for multiple parameters

• SPS is presented for linear systems systems (e.g., FIR, ARX, Box-Jenkins)
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PART II.
Confidence Regions for FIR Systems
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First-Order FIR Systems

• System: first-order FIR, i.e.

Yt , b∗1Ut−1 +Nt,

Yt — output, Ut — input, Nt — noise (at time t)

• Assumptions: (Nt)t is independent, symmetric [and continuous]

(Nt)t ⊥⊥ (Ut)t

[No information on stationarity, variances, particular distributions, etc.]

• Data: (Yt)
n
t=1 and (Ut)

n−1
t=0 , i.e., a finite sample

• Goal: to construct a confidence interval around the LS estimate, the “true”

parameter b∗1 should be included with a guaranteed probability
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Least-Squares Estimate

• Linear regression form — φt , [Ut−1 ], θ
∗ , [ b∗1 ]

Yt = φT
t θ

∗ +Nt,

• The least-squares (LS) estimate, with Ŷt(θ) , b1Ut−1 = φT
t θ

θ̂LS , argmin
θ

n∑
t=1

(Yt − Ŷt(θ))
2 = argmin

θ

n∑
t=1

(Yt − φT
t θ)

2,

can be found by solving the normal equation
n∑

t=1

Ut−1(Yt − b1Ut−1) =
n∑

t=1

φt(Yt − φT
t θ) = 0.
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Asymptotic Confidence Regions

• The LS estimate, θ̂n, is asymptotically normal, i.e.
√
n (θ̂n − θ∗)

d−→ N(0,Γ) as n→ ∞,

Γ , σ2
0

(
E [φ0φ

T
0 ]
)−1

,

where σ2
0 is the variance of the noise — stationarity assumption

• An approximate confidence region can be build as

Θµ
n ,

{
θ ∈ Rd : ∥ θ̂n − θ ∥2Φn

≤ µ σ̂2
n/n

}
,

Φn , 1

n

n∑
t=1

φtφ
T
t , and σ̂2

n , 1

n

n∑
t=1

N̂2
t (θ̂n).

• P(θ∗ /∈ Θµ
n) can be computed from the µ-level of the χ2 distribution
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Non-Asymptotic Confidence Regions

• Let us introduce a reference sum (cf. normal equation)

S0(θ) ,
n∑

t=1

φt(Yt − φT
t θ),

and further introduce m− 1 sign-perturbed sums

Si(θ) ,
n∑

t=1

φt αi,t(Yt − φT
t θ),

for i = 1, . . . ,m− 1, where αi,t (t = 1, . . . , n) are

i.i.d. random signs, that is αi,t = ±1 with probability 1/2 each

• Parameter m is user-chosen (positive integer, explained later)

• Observe that the LS estimates is a root of S0, i.e., S0(θ̂LS) = 0
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Non-Asymptotic Confidence Regions

• Observe that, in case θ = θ∗, we have (i = 1, . . . ,m− 1)

S0(θ
∗) =

n∑
t=1

φtNt,

Si(θ
∗) =

n∑
t=1

φt αi,tNt,

• Consider the ordering Si(θ
∗)i0 < · · · < Si(θ

∗)im−1

• Claim: All orderings are equally probable!

• Note: random tie-breaking may be needed

• Hint: (Nt)
n
t=1 and (αi,tNt)

n
t=1 have the same symmetric distribution

• This is even the case if we order Zi(θ
∗) , S2

i (θ
∗) variables
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Non-Asymptotic Confidence Regions

• R0(θ) is the rank of Z0(θ) in the ordering [recall Zi(θ) , S2
i (θ)]

Zi(θ)i0 < · · · < Zi(θ)im−1

• The confidence region is then

Θq
m , { θ ∈ R : R0(θ) ≥ q } ,

where q is a user-chosen parameter (nonnegtive integer)

• Claim: P(θ∗ ∈ Θq
m)= 1− q/m

• This confidence probability is exact! =⇒ no conservativism introduced

• q and m are user-chosen =⇒ the confidence probability is under control
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Non-Asymptotic Confidence Regions

• S2
0(θ̂LS) = 0 =⇒ θ̂LS ∈ Θq

m — the LS estimate is included

• When θ ̸= θ∗ we have that

Z0(θ) =

[
n∑

t=1

(θ∗ − θ)U2
t−1 + Ut−1Nt

]2

,

Zi(θ) =

[
n∑

t=1

αi,t (θ
∗ − θ)U2

t−1 + αi,t Ut−1Nt

]2

.

•
∑

t αi,t(θ
∗ − θ)U2

t−1 grows slower than
∑

t(θ
∗ − θ)U2

t−1 in Z0(θ)

• As ∥θ − θ∗∥ → ∞ we have R0(θ) → m− 1 (i.e., the largest)

• Hence, values different from θ∗ will be eventually excluded from Θq
m
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Example Confidence Intervals
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• n = 3 observations =⇒ 8 sign sequences =⇒ 4 parabolas

• x-axis: value of θ; y-axis: Zi(θ); indicator functions of Θq
m (sum)

• Solid line: reference parabola [Z0(·)]; dashed lines: other parabolas
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General FIR Systems

• System: general FIR, i.e.

Yt =
d∑

k=1

b∗k Ut−k +Nt = φT
t θ

∗ +Nt,

Yt — output, Ut — input, Nt — noise (at time t)

φt , [Ut−1, . . . , Ut−d ]
T, θ∗ , [ b∗1, . . . , b

∗
d ]

T

• Assumptions: (Nt)t is independent, symmetric [and continuous]

(Nt)t ⊥⊥ (Ut)t

• Data: (Yt)
n
t=1 and (Ut)

n−1
t=1−d, i.e., a finite sample

• Goal: to construct a confidence region around the LS estimate, the “true”

parameter θ∗ should be included with a guaranteed probability
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Non-Asymptotic Confidence Regions

• We again define a reference sum and m− 1 sign-perturbed sums

S0(θ) , Φ
− 1

2
n

n∑
t=1

φt(Yt − φT
t θ),

Si(θ) , Φ
− 1

2
n

n∑
t=1

φt αi,t(Yt − φT
t θ),

for i = 1, . . . ,m− 1, where αi,t (t = 1, . . . , n) are again

i.i.d. random signs, that is αi,t = ±1 with probability 1/2 each

• Matrix Φn is a covariance estimate =⇒ shapes the region

Φn , 1

n

n∑
t=1

φtφ
T
t .
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Non-Asymptotic Confidence Regions

• S0(θ), . . . , Sm−1(θ) are now vector valued ! =⇒ ordering?

• Let’s use a norm: Zi(θ) , ||Si(θ)||22, for i = 0, . . . ,m− 1

• R0(θ) is again the rank of Z0(θ) in the ordering

Zi(θ)i0 < · · · < Zi(θ)im−1

• Similarly as before, the confidence region is

Θq
m ,

{
θ ∈ Rd : R0(θ) ≥ q

}
,

where q and m are user-chosen parameters

• Claim: P(θ∗ ∈ Θq
m)= 1− q/m =⇒ no conservativism !
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Numerical Example: Second-Order FIR
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• 99% confidence regions (n = 200, m = 100, q = 1); inputs: AR(1)

• “×”: confidence region with weights Φ
− 1

2
n ; “◦”: without weights

• “∗”: position of θ∗; ‘+”: LS estimate; dashed ellipsoid: asymptotic set
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PART III.
Confidence Regions for ARX Systems
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General ARX Systems

• System: general ARX, i.e.

Yt + a∗1Yt−1 + · · · a∗na
Yt−na , b∗1Ut−1 + · · · b∗nb

Ut−nb
+Nt,

which can be written in linear regression form as

Yt = φT
t θ

∗ +Nt,

φt , [−Yt−1, . . . ,−Yt−na , Ut−1, . . . , Ut−nb
]T,

θ∗ , [ a∗1, . . . , a
∗
na
, b∗1, . . . , b

∗
nb
]T.

• Assumptions: (Nt)t is independent, each Nt is symmetric about zero

(Nt)t ⊥⊥ (Ut)t

• Data: (Yt)
n
t=1−na

and (Ut)
n−1
t=1−nb

, i.e., a finite sample

• Goal: guaranteed confidence region around the LS estimate
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Difficulties in the Generalization

• The direct application of the previous approach does not work

• For example, in the AR(1) case, we have (assuming θ = θ∗)

S0(θ
∗) = Φ

− 1
2

n

n∑
t=1

φt(Yt − φT
t θ) = Φ

− 1
2

n

n∑
t=1

[
−Yt−1

Ut−1

]
Nt

Si(θ
∗) = Φ

− 1
2

n

n∑
t=1

φt αi,t(Yt − φT
t θ) = Φ

− 1
2

n

n∑
t=1

[
−Yt−1

Ut−1

]
αi,tNt,

for i = 1, . . . ,m− 1, where (αi,t)i,t are i.i.d. random signs

• But now Yt−1 depends on Nt−1, Nt−2, . . ., thus

• S0(θ
∗) and Si(θ

∗), i ̸= 0, does not have the same distribution
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Restoring the Symmetry

• Idea: construct alternative outputs using sign-perturbed prediction errors

• The alternative outputs can be constructed as

Ȳt(θ, αi) = −a1Ȳt−1(θ, αi)− · · · − anaȲt−na(θ, αi)+

+b1Ut−1 + · · ·+ bnb
Ut−nb

+ αi,tN̂t(θ),

where N̂t(θ) , Yt − φT
t θ are prediction errors

• This leads to the perturbed regressors (i = 0, . . . ,m− 1)

φ̄t(θ, αi) = [−Ȳt−1(θ, αi), . . . ,−Ȳt−na(θ, αi), Ut−1, . . . , Ut−nb
]T.

• This can restore distributional symmetry to the sign-perturbed sums
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Refined Sign-Perturbed Sums

• Refined reference sum and m− 1 sign-perturbed sums

S0(θ) , Φ
− 1

2
n

n∑
t=1

φtN̂t(θ),

Si(θ) , Φ̄
− 1

2
n (θ, αi)

n∑
t=1

αit φ̄t(θ, αi)N̂t(θ),

for i = 0, . . . ,m− 1, where Φ̄n(θ, αi) are perturbed covariances:

Φ̄n(θ, αi) , 1

n

n∑
t=1

φ̄t(θ, αi)φ̄
T
t (θ, αi),

• Claim: P(θ∗ ∈ Θq
m)= 1− q/m =⇒ exact, no conservativism

Balázs Csanád Csáji — The University of Melbourne (Australia) & Hungarian Academy of Sciences (Hungary) –25–



Distribution - Free System Identification : Exact- , Non - Asymptotic Confidence Regions

PART IV.
Confidence Regions for General Linear Systems
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General Linear Systems

• System: general linear, i.e.

A(z−1)Yt =
B(z−1)

F (z−1)
Ut +

C(z−1)

D(z−1)
Nt,

where Yt — output, Ut — input, Nt — noise,

A, B, C , D and F are (finite) polynomials in z−1, i.e., z−1Yt = Yt−1

• The coefficients of A, B, C , D and F are (a∗k)
na
k=1, (b∗k)

nb
k=1, (c∗k)

nc
k=1,

(d∗k)
nd
k=1 and (f∗

k )
nf

k=1, respectively. We use

θ∗ = (a∗1, ..., a
∗
na
, b∗1, ..., b

∗
nb
, c∗1, ..., c

∗
nc
, d∗1, ..., d

∗
nd
, f ∗

1 , ..., f
∗
nf
)T.

• Data: (Yt)
n
t=1 and (Ut)

n−1
t=1 , i.e., a finite sample

• Goal: guaranteed confidence region around the PEM estimate
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System Assumptions

• The system can be written using (rational) transfer functions:

Yt , G(z−1; θ∗)Ut +H(z−1; θ∗)Nt,

Assumption 1. The true system is in the model class, the orders are known

Assumption 2. The transfer function H(z−1; θ∗) has a (stable) inverse, as

well as G(0; θ∗) = 0 and H(0; θ∗) = 1

Assumption 3. (Nt)
n
t=1 is independent, symmetrically distributed about zero

Assumption 4. (Ut)
n−1
t=1 is observed and independent of (Nt)

n
t=1

Assumption 5. Initialization: for all t ≤ 0, we have Yt = Nt = Ut = 0
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Prediction Error Estimate

• The prediction errors can be calculated as

N̂t(θ) , H−1(z−1; θ)(Yt −G(z−1; θ)Ut),

which defines the “reconstructed” noise at t for θ

• Note that N̂t(θ
∗) = Nt, thus, the reconstruction is accurate for θ = θ∗

• The prediction error estimate (PEM) for model class M is

θ̂PEM , argmin
θ∈M

n∑
t=1

N̂2
t (θ).

• In general, there is no closed-form solution for PEM
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Prediction Error Estimate

• The PEM estimate can be found, e.g., by using the equation

n∑
t=1

ψt(θ̂PEM)N̂t(θ̂PEM) = 0,

where ψt(θ) is the negative gradient of the prediction error,

ψt(θ) , − d

dθ
N̂t(θ).

• In case of ARX systems ψt(θ) is simply φt

• These gradients can be directly calculated in terms of the defining

polynomials A, B, C , D and F
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Gradients of the Prediction Error

∂

∂ak
N̂t(θ) =

D(z−1)

C(z−1)
Yt−k,

∂

∂bk
N̂t(θ) =

D(z−1)

C(z−1)F (z−1)
Ut−k,

∂

∂ck
N̂t(θ) =

D(z−1)B(z−1)

C(z−1)C(z−1)F (z−1)
Ut−k −

D(z−1)A(z−1)

C(z−1)C(z−1)
Yt−k,

∂

∂dk
N̂t(θ) =

A(z−1)

C(z−1)
Yt−k −

B(z−1)

C(z−1)F (z−1)
Ut−k,

∂

∂fk
N̂t(θ) =

D(z−1)B(z−1)

C(z−1)F (z−1)F (z−1)
Ut−k.
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Perturbed Gradients

• We again apply perturbed versions of the (reconstructed) outputs

Ȳt(θ, αi) , G(z−1; θ)Ut +H(z−1; θ) (αitN̂t(θ)),

where (αit)i,t are random signs, as previously

• As we saw, ψt(θ) is a linear filtered version of (Yt)t and (Ut)t,

ψt(θ) = W0(z
−1; θ)Yt +W1(z

−1; θ)Ut,

where W0 and W1 are vector-valued, and ψt(θ) ∈ Rd

• We use these to define perturbed versions of the gradient, ψt(θ),

ψ̄t(θ, αi) , W0(z
−1; θ) Ȳt(θ, αi) +W1(z

−1; θ)Ut,

where the novelty is that now we filter the perturbed outputs
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General Sign-Perturbed Sums

• Finally, the sign-perturbed sums for θ are (0 ≤ i ≤ m− 1)

S0(θ) , Ψ
− 1

2
n (θ)

n∑
t=1

ψt(θ)N̂t(θ),

Si(θ) , Ψ̄
− 1

2
n (θ, αi)

n∑
t=1

αit ψ̄t(θ, αi)N̂t(θ),

• Where Ψn and Ψ̄n(θ, αi), the perturbed covariances, are

Ψn(θ) ,
1

n

n∑
t=1

ψt(θ)ψ
T
t (θ),

Ψ̄n(θ, αi) ,
1

n

n∑
t=1

ψ̄t(θ, αi)ψ̄
T
t (θ, αi).
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Non-Asymptotic Confidence Regions

• R0(θ) is again the rank of ∥S0(θ)∥22 among (∥Si(θ)∥22)
m−1
i=0

• As before, the confidence region is defined as

Θq
m ,

{
θ ∈ Rd : R0(θ) ≥ q

}
,

where q ∈ {0, . . . ,m− 1} and m are user-chosen parameters

• The PEM estimate, θ̂PEM, satisfies S0(θ̂PEM) = 0, which guarantees the

inclusion of θ̂PEM in Θq
m

• For general linear systems, under Assumptions 1-5, the confidence

probability that θ∗ is in Θq
m is exactly 1− q/m
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Example: ARMA(1, 1)

• Consider the following ARMA process

Yt + a∗Yt−1 = Nt + c∗Nt−1,

where the “true” parameter is θ∗ = (a∗, c∗)

• The inverse filter of C(z−1; θ)Nt = Nt + cNt−1 is

C−1(z−1; θ) =
∞∑
k=0

(−1)k ck z−k

• We can use this to define the prediction errors as

N̂t(θ) = C−1(z−1; θ) (Yt + a Yt−1),

for all t, where θ = (a, c) is a given parameter
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Example: ARMA(1, 1)

• Then, the reconstructed outputs are defined as

Ȳt(θ, αi) = −a Ȳt−1(θ, αi) + αi,t N̂t(θ) + c αi,t−1N̂t−1(θ),

for 1 ≤ i ≤ m and 1 ≤ t ≤ n, where (αit)i,t are random signs

• Finally, we can calculate the negative gradient, ψ̄t(θ, αi),

ψ̄t(θ, αi) =

[
−C−1(z−1; θ) Ȳt(θ, αi)

C−1(z−1; θ)αi,t N̂t(θ)

]
,

which can be used to define the sign-perturbed sums
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Simulation: ARMA(1, 1)
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• 99% confidence regions (n = 500, m = 100, q = 1)

• “×”: confidence region based on the SPS algorithm

• “∗”: position of θ∗; ‘+”: LS estimate; dashed ellipsoid: asymptotic set
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PART V.
Summary and Concluding Remarks
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Summary and Concluding Remarks

• A new finite sample identification algorithm has been introduced

• It constructs confidence regions centered around the PEM estimate

• Only mild statistical assumptions are needed, e.g., symmetry about zero

• No information on stationarity, variances, particular distributions, etc.

• For any (rational) confidence probability, a region can be constructed

• The confidence probability is exact, even for multiple parameters

• Core idea: comparing carefully chosen sign-perturbed sums

• The algorithm has been presented for general linear systems

• The fundamental ideas work for much more general systems
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Thank you for your attention!
bcsaji@unimelb.edu.au
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